Abstract. For a pomonoid S, let us denote Pos-S the category of S-posets and S-poset maps. In this paper, we consider the slice category Pos-S/B for an S-poset B, and study some categorical ingredients. We first show that there is no non-trivial injective object in Pos-S/B. Then we investigate injective objects with respect to the class of regular monomorphisms in this category and show that Pos-S/B has enough regular injective objects. We also prove that regular injective objects are retracts of exponentiable objects in this category. One of the main aims of the paper is to draw attention to characterizing injectivity in the category Pos-S/B under a particular case where B has trivial action. Among other things, we also prove that the necessary condition for a map (an object) here to be regular injective is being convex and present an example to show that the converse is not true, in general.
Introduction and preliminaries
A slice category is a construction in category theory which provides another way of looking at morphisms: instead of simply relating objects of a category to one another, morphisms become objects in their own right. This notion was introduced in 1963 by F. W. Lawvere, although the technique did not become generally known until many years later.
One of the very useful notions in many categories as well as in homological algebra is the injectivity of objects with respect to a class M of morphisms. For example, in the category Pos of partially ordered sets and monotone mappings, injective objects, with respect to the class of all order-embeddings, coincide with the complete lattices (see [4] ). Injective objects in slice categories have been investigated in detail (see [1, 16] ), especially in relation with weak factorization systems, a concept used in homotopy theory, in particular for model categories.
More precisely, M-injective objects in C/B for any B in C, form the right part of a weak factorization system that has morphisms of M as the left part (see [1] ).
In this paper, we investigate M-injective objects in the slice category Pos-S/B of S-poset maps over B, where M is the class of regular monomorphims in Pos-S/B. After some introductory results in Section 1, we give in Section 2, certain guarantees about the existence of limits and colimits and some categorical properties for the category of Pos-S/B. In Section 3, first we show that no non-trivial map is injective as an object in the two categories Pos-S/B and Pos/B, but there are enough regular injective objects in Pos-S/B and Pos/B; injective objects with respect to the class M of regular monomorphisms (morphisms which are equalizers). Also, we show that in the case of Pos-S/B, regular monomorphisms correspond to regular monomorphisms in Pos-S and these are exactly order-embeddings (in Pos-S); that is, S-poset maps f : C → D for which f (a) ≤ f (a ′ ) if and only if a ≤ a ′ for all a, a ′ ∈ C. We second find the first relation between M-injective and exponentiable objects in Pos/B and Pos-S/B. In the last section, we restrict ourselves to an object B of the category Pos-S which is endowed with trivial action and supply a partial answer of characterizing regular injectivity in Pos-S/B by observing the relationship with regular injectivity in Pos/B. We prove that, the necessary condition for regular injectivity of an object f : X → B in Pos-S/B is the regular injectivity of f −1 (b) for every b ∈ B, as objects of Pos-S. At the end of the paper, a classification of pogroups, regarding regular injectivity in Pos-S/B, is presented.
In the rest of this section, we give some preliminaries about posets, S-acts, S-posets and slice categories which we will need in the sequel.
• A poset is said to be complete if each of its subsets has an infimum and a supremum, in particular, a complete poset is bounded, that is, it has the least (bottom) element ⊥ and the greatest (top) element ⊤.
Recall that each poset can be embedded (via an order-embedding) into a complete poset, called the Dedekind-MacNeille completion. In fact, given a poset P , its MacNeille completion is the posetP consisting of all subsets A of P for which LU (A) = A, where U (A) = {x ∈ P : a ≤ x, ∀a ∈ A} and LU (A) = {y ∈ P : y ≤ x, ∀x ∈ U (A)}, and the embedding ϕ : P →P is given by a →↓ a = {x ∈ P : x ≤ a} (see [4] ).
• Let S be a monoid with identity 1. Recall that a (right) S-act is a set A equipped with a map µ : A × S → A called its action, such that, denoting µ(a, s) by as, we have a1 = a and a(st) = (as)t for all a ∈ A, and s, t ∈ S. The category of all S-acts, with action-preserving (S-act) maps (f : A → B with f (as) = f (a)s for s ∈ S, a ∈ A), is denoted by Act-S. Clearly S itself is an S-act with its operation as the action. For instance, take any monoid S and a non-empty set A. Then A becomes a right S-act by defining as = a for all a ∈ A, s ∈ S, we call that A an S-act with trivial action. An element θ of an S-act is called a zero or a fixed element if θs = θ for all s ∈ S. For more information about S-acts see [10] .
• A monoid (semigroup, group) S is said to be a pomonoid (posemigroup, pogroup) if it is also a poset whose partial order ≤ is compatible with the binary operation, i.e., s ≤ t, s ′ ≤ t ′ imply ss ′ ≤ tt ′ (see [5] ). In this paper S denotes a pomonoid with an arbitrary order, unless otherwise stated.
• Let S be a pomonoid. An (right) S-poset is a poset A which is also an S-act whose action µ : A × S → A is order preserving, where we consider A × S as a poset with componentwise order. The category of all S-posets with action preserving monotone maps is denoted by Pos-S.
Recall from [6] that in the both categories Pos and Pos-S, monomorphisms are exactly one to one morphisms. Also, regular monomorphisms are exactly order-embeddings. We refer the reader to [6, 9] for basic results and terminologies in the latter category. Now, let us recall some categorical notions as we need in sequel.
• Given a category C and an object B of C, one can construct the slice category C/B (read: C over B): objects of C/B are morphisms of C with codomain B, and morphisms in C/B from one such object f :
i.e., gh = f . The composition in C/B is defined from the composition in C, in the obvious way. It means paste triangles side by side.
Let C be a category with finite products. Recall that an object A of C is called exponentiable if the product functor − × A : C → C has a right adjoint (denoted by (−)
A : C → C). In other words, for every pair of objects A and B of C, an object B A and a morphism ev : A × B A → B exist with the universal property that for every morphism f : A × C → B in C, there exists a unique morphismf : C → B A such that ev(id A ×f ) = f . In this definition, the object B A is called exponential, ev is said to be the evaluation map, andf is called the exponential map associated to f . The category C is called cartesian closed if every object is exponentiable.
Furthermore, for every object B of a category C with finite products, consider the pullback functor B : C → C/B, which assigns the second projection π X B : X × B → B to any object X and the forgetful functor B : C/B → C, which assigns to any f its domain. If C also has equalizers (i.e., C has all finite limits), B has a right adjoint if and only if the composition functor B • B has a right adjoint. But B • B coincides with the product functor − × B, which by definition has a right adjoint when B is exponentiable in C (see [7] ). Thus we have: Proposition 1.1. A category C with finite limits is cartesian closed if and only if for every B ∈ C, the functor B : C → C/B has a right adjoint S B : C/B → C.
Following the proof of the previous proposition, for any f : X → B with B exponentiable object in a category C with finite products, the object S B (f ) is obtained as the equalizer in C of the two morphismsγ and f B , where given the morphism γ = π
: X B ×B → B, by the adjunction we obtainγ : X B → B B , which represents a constant morphism of value id B . We might call S B (f ) the object of "cross sections of f ". This means that S B (f ) can be interpreted as the object of sections of f in C. In every cartesian closed category the authors in [7] present a useful characterization of injective morphisms by the object of sections of these morphisms.
Limits, colimits and some other categorical properties of Pos-S/B
In this section, we shall characterize limits and colimits in the category Pos-S/B. We discuss on monomorphisms, epimorphisms and regular monomorphisms. Finally we mention a result to show that the category Pos-S/B is not cartesian closed, in general.
In [6] it has been shown that the category Pos-S has finite limits, so the category Pos-S/B has finite limits too (see [14] ), and they are determined as follows. Equalizers in Pos-S/B are formed as in Pos-S, that is, the forgetful functor B : Pos-S/B → Pos-S which assigns to any f its domain, creates them. We have seen in [6] that the equalizer of a pair f, g : A → B of Sposet maps is given by E = {a ∈ A : f (a) = g(a)} with action and order inherited from A. The terminal object of Pos-S/B is the identity morphism id B : B → B. The product of f : X → B and g : Y → B in Pos-S/B is given by f × g : X × B Y → B, where X × B Y is the pullback of f and g in Pos-S and f × g is the obvious projection. Here X × B Y is the sub-S-poset
The category Pos-S/B has finite colimits because Pos-S has (see [6] ). In fact, for a category C with products, a cocone in a category C/B is a colimit here if and only if the corresponding cocone in C is a colimit in C. For more information and details see [11] .
Remark 2.1. If f : A → C is an epimorphism in C/B, then f is an epimorphism in C. Indeed, consider the adjunction B ⊣ B where the functors B : C/B → C and B : C → C/B defined as in the first section. Since left adjoint functors preserve colimits, the forgetful functor B preserves epimorphisms, so if f is an epimorphism in C/B, then B (f ) = f is an epimorphism in C. In the case C = Pos-S, epimorphisms are exactly onto S-poset maps (see [6] ). Therefore, f is an onto S-poset map.
Remark 2.2. (i) One can prove that every monomorphism in a category C is exactly a monomorphism in every slice category C/B. Hence monomorphisms in Pos-S/B are one to one S-poset maps (see [6] ).
(ii) If f : A → C is a regular monomorphism in a slice category C/B, then f , as a morphism in C, is too. Indeed, f is an equalizer of two arrows C ⇒ D in C/B. On the other hand, equalizer of two arrows in C/B is just the equalizer in C. Therefore, f is an equalizer of two arrows C ⇒ D in C too, so f is a regular monomorphism in C.
One might ask whether the converse of (ii) of the above remark holds. However, this is not generally true, but we provide a more practical way to show it for the category Pos-S. Now, we try to prove that regular monomorphisms in Pos-S/B are exactly order-embeddings of the corresponding maps in Pos-S. Indeed we have: Theorem 2.3. Let S be a pomonoid and B an S-poset. Moreover, let
be a morphism in the category Pos-S/B. Then f is a regular monomorphism in Pos-S/B if and only if f is an order-embedding as a map in Pos-S.
Proof. The if part follows easily from Remark 2.2(ii) and the fact that regular monomorphisms in Pos-S are exactly order-embeddings (see [6] ).
For the only if part, notice that, since f is an order-embedding, the image of f is an S-poset which is isomorphic to A. So, without loss of generality, we may assume that f is the inclusion map from a sub-S-poset A of C into C and prove that f is a regular monomorphism. As we remarked at the beginning of this section, a pushout of two morphisms in Pos-S/B is just the pushout in Pos-S. So take the amalgamated coproduct C A C (i.e., pushout f with itself) and the obvious morphisms g 1 , g 2 : C → C A C. Then f is clearly the equalizer of g 1 and g 2 . Now by pushout property there exists a unique S-poset map h : C A C → B such that hg 1 = hg 2 = β. Then it is easily seen that f is the equalizer of g 1 , g 2 in Pos-S/B.
We close this section by checking cartesian closedness of the category Pos-S/B.
The category Pos-S/B is not necessarily cartesian closed. Indeed, let S = {1} be the trivial monoid. Then the category Pos-S/B is isomorphic to the category Pos/B and this category is not cartesian closed (see [15] ).
Injectivity and regular injectivity
Let C be a category and M a class of its morphisms. An object I of C is called M-injective if for each M-morphism h : U → V and morphism u : U → I there exists a morphism s : V → I such that sh = u. That is, the following diagram is commutative:
In particular, this means that, in the slice category C/B, f : X → B is Minjective if, for any commutative diagram
with h ∈ M, there exists an arrow s : V → X such that sh = u and f s = υ:
It is clear that the terminal object (if exist) is M-injective in any category. It is called the trivial injective object.
There are two main questions about notion of M-injectivity in a category C:
(1) Does C have enough M-injective objects? That is for any A ∈ C, does there exist an M-injective I ∈ C with an M-morphism A → I?
(2) Is it true that I is M-injective if and only if it is absolutely M-retract (i.e., any M-morphism I → A has a left inverse in C)?
We now study injectivity and regular injectivity in the category Pos-S/B. We start with the following example.
Example 3.1. Consider the category Pos-S/B and let U be the class of all unitary S-poset monomorphisms (recall [2] that an S-poset monomorphism f : X → Y is unitary if y ∈ im(f ), whenever ys ∈ im(f ) for some s ∈ S) and E S be the class of all split S-poset epimorphisms (that is, an epimorphism that has a right inverse). One can prove that, each g ∈ E S is U-injective in this category. Also, we can show that (U, E S ) is a weak factorization system for the category Pos-S. Details of proof is similar to Theorem 3.1 in [2] .
We state two results from [3] that will be used in the following. Proof. It is clear that the forgetful functor B : C/B → C preserves Mmorphisms. Now, by adjunction B ⊣ B and Lemma 3.2, the proof is clear.
Corollary 3.5. Let C be a cartesian closed category. Then S B : C/B → C, the right adjoint of the pullback functor B : C → C/B, preserves injectivity and regular injectivity.
Proof. As we have mentioned, the pullback functor B : C → C/B has a left adjoint B , so it preserves all limits especially monomorphisms and regular monomorphisms. On the other hand, since the category C is cartesian closed, we can apply the adjunction B ⊣ S B as in Proposition 1.1. Therefore, in view of Lemma 3.2, the functor S B preserves injectivity and regular injectivity, as required.
Recall from [6] that Pos-S (especially Pos) is cartesian closed. As the two categories Pos and Pos-S have no non-trivial injective objects (see [8] ), so by Corollary 3.5 we immediately obtain the following result: Theorem 3.6. The categories Pos/B and Pos-S/B have no non-trivial injective object.
Regular injectivity and completeness
Let C be a category. From now on, 'regular injective' will mean M-injective for M the class of regular monomorphisms in C.
It is well known that both categories Pos and Pos-S have enough regular injective objects (see [4, 8] ). In the following, we give a positive answer to the first question above regarding the two categories Pos/B and Pos-S/B. Definition 3.7. By a complete S-poset, we mean an S-poset which is merely complete as a poset. Proof. We take S = {1} in Theorem 3.8, then we get our result for the category Pos/B.
In [8] , it has been shown that, if S is a pogroup, then regular injective object and complete S-poset in Pos-S are the same. By this fact and Lemma 3.4, we deduce: Proof. It is easily seen that the map g : A → A × B, given by g(a) = a, f (a) , for every a ∈ A, is the required order-embedding S-poset map with π A B g = f .
Regular injectivity and exponentiability
Let us first recall the following proposition which comes from [13] . It will be used in our next results. Proposition 3.12. Let A be an exponentiable object in a category C with finite products. Then B (A) is exponentiable in the slice category C/B for every B ∈ C.
As a consequence, we find the first relationship between injective and exponentiable objects in Pos/B and Pos-S/B: Theorem 3.13. In the category Pos-S/B, any regular injective object is a retract of an exponentiable object.
Proof. Let f : A → B be a regular injective object in Pos-S/B. By Theorem 3.8, we get the following commutative diagram:
By the assumption, there exists an arrow s :
and s : πĀ
Hence f is a retract of πĀ is an exponentiable object in Pos-S and by Proposition 3.12, πĀ
) is an exponentiable object in Pos-S/B. This completes the proof.
We remark that if we take S = {1}, then in view of Theorem 3.9, we deduce that the above theorem is true for the category Pos/B.
Notice that for every category with enough M-injectivity property the answer to the second question at the beginning of this section is always true. However, we review its proof for the slice category Pos-S/B. Theorem 3.14. Let B be an arbitrary S-poset and f : A → B be an object in Pos-S/B. Then f is regular injective object if and only if every regular monomorphism m
Pos-S/B has a left inverse (i.e., f is absolute retract in Pos-S/B).
Proof. For necessary part, consider the following commutative diagram:
By regular injectivity of f , there exists an arrow s : A ′ → A, such that f s = g and sm = id A . Therefore m has a left inverse s. For sufficiency part, take a regular monomorphism h : C → C ′ satisfying in the following commutative diagram:
By Theorem 3.8, f can be regularly embedded into the regular injective object πĀ
is regular injective in the category Pos-S/B, so by the following commutative diagram
there exists an arrow ψ : 
Injectivity in Pos-S/B in which B is endowed with trivial action
In this subsection, we are going to find characterization of injective morphisms in the category Pos-S/B. In this part, we supply a partial answer to the characterization of regular injectivity in the category Pos-S/B in a special case, when the S-poset B has trivial action.
We state the following theorem from [7] which is true, of course, for every cartesian closed category. (
The object S B (f ) of sections of f is a regular injective object in C.
Remark 3.16. For a pomonoid S, we know that Pos-S is cartesian closed (see [6] ). Indeed, given two S-posets A and B, the exponential B A is given by
, the set of all S-poset maps from the product S-poset S×A to B. Note that the action on S × A operates on both components. This set is an S-poset, with pointwise order and the action is given by (f s)(t, a) = f (st, a) (see [6, 12] ). Now, given f : X → B in Pos-S/B we have
Proposition 3.17. Let S be a pomonoid. If f : X → B is a regular injective object in the category Pos-S/B in which B has trivial action, then:
(i) 1 X , f is a section in Pos-S/B.
(ii) for every b ∈ B, the sub S-poset f −1 (b) of X is a regular injective object in Pos-S, so it is a complete poset.
Proof. Let f : X → B be a regular injective object in the category Pos-S/B in which B has trivial action. Since Pos-S is a cartesian closed category, by Theorem 3.15 condition (1) holds. Let b ∈ B. As B had trivial action it is easy to see that f −1 (b) = {x ∈ X | f (x) = b} is a sub S-poset of X. We must show that f −1 (b) is a regular injective object in Pos-S. Given the following diagram
where g is a regular monomorphism in Pos-S. We complete it to the following commutative diagram
in which i and j are inclusion maps and k is the constant map with value b. Note that k : C → {b} is an S-poset map, because the action of B is trivial. Now, by assumption, there exists an S-poset map ϕ : C → X such that f ϕ = jk and ϕg = ih. From f ϕ = jk, one can show that imϕ ⊆ f −1 (b). Also, from ϕg = ih we get the following commutative diagram:
We conclude that f −1 (b) is a regular injective object in Pos-S.
Corollary 3.18. Let S be a pomonoid and f : X → B an object in Pos-S/B. If f is a regular injective object in Pos-S/B, then it is a regular injective object in Pos/B.
Proof. First of all, by hypothesis and statement (ii) of Proposition 3.17, each f −1 (b) is a complete poset, where b ∈ B. Therefore it is a regular injective object in Pos by [4] . Next, in view of Theorem 2.1 of [7] and statement (i) of Proposition 3.17, we deduce that f is a regular injective object in Pos/B.
For the next result first we need a definition which we mention it from [1] . Definition 3.19. A map f : X −→ B between posets is said to be convex if for any x preceding y in X, every b between f (x) and f (y) in B can be lifted to an element between x and y in X.
Proposition 3.20. Let S be a pomonoid. If f : X → B is a regular injective object in Pos-S/B, then f is convex as a map in Pos-S.
Proof. By the previous corollary, f is a regular injective object in Pos/B. Then it has been shown in [1] that such f must be convex.
Next, we present an example to show that the converse of the previous result is not true, in general.
Example 3.21. Let S be an arbitrary pomonoid and X, B be two posets as shown in the following from left to right, respectively.
Then X is an S-poset with the action defined by ⊤s = ⊤ and as = bs = ⊥s = a for all s ∈ S, also we consider B with the trivial action as an S-poset. Define the S-poset map f : X → B in Pos-S/B, by f (a) = f (b) = f (⊥) = 0 and f (⊤) = 1. It also is a convex map. Since f −1 (0) = {⊥, a, b} is not a complete poset, Proposition 3.17 shows that it is not regular injective object in Pos-S/B.
To prove the next result we need the following lemma from [8] .
Lemma 3.22. Let S be a pogroup and A be a complete S-poset. Then, for any X ⊆ A and s ∈ S, ( X)s = {xs | x ∈ X}. Theorem 3.23. Let S be a pogroup. An object f : X → B in Pos-S/B is a regular injective object if and only if the following two conditions are satisfied:
(1) 1 X , f is a section in Pos-S/B.
(2) The sub S-posets f −1 (b) of X, in which b ∈ B, are regular injective objects in Pos-S, that is, every f −1 (b) is a complete poset.
Proof. The necessity condition follows from the previous proposition. For sufficiency, suppose that both conditions (1) and (2) are hold. Then, in view of Theorem 3.15, and Theorem 4.2 of [8] , it is enough to show that S B (f ) is a complete poset. In fact, since by assumption S is a pogroup, it is a regular injective object in the category Pos-S (see [8] ). Let {g i : i ∈ I} be an arbitrary subset of S B (f ) (see Remark 3.16). Then for any i ∈ I and for any (s, b) ∈ S × B, g i (s, b) ∈ f −1 (b). On the other hand, any f −1 (b) is a complete poset and hence we can take f −1 (b) {g i (s, b) | i ∈ I}. Next, we define a map g : S × B → X by the rule 
